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In the present work, we give a phenomenological theory of the monolayer graphene where two
worlds quantum and classical meet together and complete each other in the most natural way. It
appears that the graphene is the unique material where this complementarity could be explained in
an effective way due to its exceptional band structure properties. We introduce the electron mass-
vortex representation and we define surface tension excitation states in the monolayer graphene. By
abstracting from the usual band energy dispersion we calculate the band mass of the electrons at
the Dirac point by introducing the mathematical mass-dispersion relation. As a result, we obtain
the Dirac energy dispersion in monolayer graphene from the classical Newton law. Within the
semiclassical theory, we show the presence of the surface spin tension vectorial field which, possibly,
closely relates the surface tension and spin tension states on the helical surface. We calculate the
surface tension related with the electron band mass-vortex formation at the Dirac’s point and we
predict accurately the surface tension value related to the excitonic binding at the Dirac point
as being formed from the electron and hole band mass-vortices. Moreover, we give the solution
to a long-standing problem in the spin group theory and we construct an example which shows,
phenomenologically, that the manifolds on S(6) are not integrable. The principal reason for this is
attributed to the irreducibility of the spinorial group Spin(6)R at the Dirac’s point, due to the band
mass formation via gravitational field.
PACS numbers: 73.22.Pr, 74.25.Uv, 71.35.Lk, 91.10.-v, 02.20.-a, 75.10.Hk
1. INTRODUCTION
The monolayer graphene has attracted considerable at-
tention in the last few years, thanks to its extraordinary
physical properties [1]. These properties of graphene are
due to its electron energy spectrum: At the K point,
of its Brillouin zone (BZ), the electron and hole bands
touch one another and in the vicinity of this point they
split linearly in the wave vector k. Thus the spectrum
looks like the spectrum of the relativistic Dirac parti-
cles. The inequivalent Dirac points K and K′ in sin-
gle layer graphene are stable against perturbations which
preserve the discrete space-time inversion symmetry [2]
and the degeneracy of these points is protected by the
point-group symmetry of the hexagonal lattice. Recently,
monolayer transition metal dichalcogenides have been
proposed for the study of Dirac physics, with excitons
optical addressability at specifiable momentum, energy,
and pseudospin [3]. It was shown that valley pseudospin
is strongly coupled to the exciton center-of-mass motion
through the electron-hole exchange. This coupling re-
alizes a massless Dirac cone with chirality index I = 2
for excitons inside the light cone, that is, bright excitons
which realizes a strong valley-orbital coupling that can
be orders of magnitude larger than the radiative recom-
bination and momentum scattering rates. Furthermore,
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in such a strong coupling regime, the pseudospin split-
ting from the valley-orbit coupling becomes spectrally re-
solvable by the angular resolved photoluminescence (PL)
measurements. Recently, a graphene-based metamaterial
structure has been developed as wideband tunable reflec-
tarray to generate an orbital angular momentum vortex
waves in terahertz regime [4]. It has been shown that
the spiral phase distributions of the orbital angular mo-
mentum vortex waves, with the values l = ±1, l = ±2,
and l = ±3 of the corresponding modes, can be clearly
observed, and the intensity distributions are obtained in
a wide range of frequency.
The inertial mass of vortices, in terms of the energy of
the unique kelvon quasiparticle, in the Bose and Fermi
superfluids has been discussed recently in Ref.5, where
it has been shown that the origin of the inertial mass of
a vortex is due to the quasiparticles localized within the
core of the individual vortex. Considering the classical
limit of large quantum numbers, the author obtained a
relationship between the Kelvin waves and the inertial
mass of classical vortices and vortex rings.
The nonlocal electrical response in graphene, driven
by the chargeless modes, was found recently to be sen-
sitive to the quantities which are not directly accessi-
ble in electrical transport measurements [6–8]. Among
these quantities are the spin currents and valley cur-
rents. Particularly, a giant nonlocality near the Dirac
point in graphene is observed in Ref.7 during the non-
local magnetotransport measurements performed in the
Hall bar geometry and the observed large nonlocal re-
sponse near the Dirac point (which persists up to room
2temperatures) is attributed to the long-range flavor cur-
rents induced by the lifting of the spin-valley degeneracy.
The strongly correlated electron systems are predicted to
obey the universal collision-dominated transport dynam-
ics resembling that of viscous fluids [9–12]. However, the
study of such phenomena has been failed by the lack of
known macroscopic signatures on electron viscosity [13–
17]. Recently, the vorticity has considered as a signature
of the electron viscosity which becomes verifiable striking
macroscopic dc transport behavior [18].
In the present paper, we introduce a new electron
mass-vortex representation in which the electron is
treated as a particle which possesses the effective mass,
rotation momentum Γ = 2πR×v and the intrinsic mass-
vortex with the angular frequency ΩΦ. The circulation
of the mass-vortex of the electron leads to the preces-
sion of its mechanical spin-momentum. We will show
how the gravitational vector field, acting in the mass-
dispersion representation, leads to the enhancement of
the non-additive band mass at the Dirac point, in the re-
ciprocal space. Furthermore, we associate at each point
k in the reciprocal space R
(2)
k
a given surface area ds in
the real Cartesian space R
(2)
C . Such a construction com-
posed of two perpendicular spaces permits to estimate
correctly the localization radius of the spin momentum
precession which is found to be much smaller than the
radius of the electron rs = e
2/mec
2. Furthermore, by
considering the surface tension excitation related to the
probe-electron at the vicinity of the band mass-vortex,
at the Dirac point, we obtain the Dirac linear dispersion
relation from the Newton law, which assures the stabil-
ity and possibility of the given excited state near the
Dirac point. This is a unique approach which gives the
Dirac’s spectrum without addressing any tight-binding
treatment to the problem and we refer us only on the no-
tion of the electron mass-vortex, which is postulated “ad
hoc”. We show that such a representation of the electron
gives a correct description of the surface tension states
in the monolayer graphene and gives a reasonable result
for the excitonic binding energy at the Dirac point. We
discuss shortly also the fundamental mathematical re-
sults, which follow from the presented here theory, and
which concern to a series of unresolved problems in the
spin-group representation theory.
The paper is organized as follows: In Section 2 we in-
troduce the mass-vortex representation of the electron.
In the Section 3, we discuss the mass-acceleration phe-
nomena towards Dirac point in graphene and the for-
mation of the non-additive band mass. In Section 4,
we discuss the Dirac band dispersion relations with a
deep connection to the Newton mass attraction law and
we calculate the surface tensions for the electron band
mass-vortices. In the same section, we discuss also the
principal results of our theory concerning the spin-group
representation. Finally, in Section 5, we give a short con-
clusion to our paper.
2. THE MASS-VORTEX REPRESENTATION
OF THE ELECTRON
It is well known that the electrons in monolayer
graphene obey the quasi-relativistic law of movement,
due to the crystal structure of the material they are con-
fined in. The pristine graphene monolayer, alone, shows
the perfect metallic electronic properties, while under the
applied electric field it becomes semimetallic with asso-
ciated small band overlaps of the order of 4-20 meV. The
quasi-relativistic nature of the particles in the graphene
films is related first of all to the zero real mass of the
electrons in the graphene at the K point in the Brillouin
zone. And the reason for it is mathematically simple:
the second derivative of the energy, ending linearly at
the K point, diverges smoothly at that point. Mean-
while, in the real crystal, the effective mass-tensor of the
electrons acquires very small, but finite value, due to the
crystal structure of graphene. The situation is quite dif-
ferent in the bilayer graphene (BLG) structure, where
one has four parabolic energy bands, two of which are
touching each other at the K point in the BZ. The sec-
ond pair of the energy bands is separated by the minimal
energy gap in the BLG, which renders the BLG as an
ideal semiconducting material with the very small band
gap (sometimes it is considered also as a normal metal
with the largest minimal band gap typical to the usual
normal metals). When applying the external electric field
to the BLG, the minimal gap becomes very large, mean-
while, the zero gap touching parabola get separated and
the well-known “sambrero”-like shape structure appears
in the band structure.
In the present paper, we would like to slightly abstract
the real nature of the electron, by considering it as a
rigid particle with a given mechanical spin moment and
the mass me. Let’s first neglect the electrostatic nature
of the electron by considering it as a neutral particle.
Formally, we ascribe to it one of the fundamental quan-
tum mechanical quantities being the mechanical momen-
tum S, related to the rotational movement of the spin
moment of the electron. The associated angular momen-
tum of the electron is L = R × p and it is spatially
quantized |L| = ~
√
l(l + 1), where l is the orbital quan-
tum number of the electron. For the atoms in the ex-
cited state n the orbital quantum number takes the val-
ues l = 0, 1, 2, ..., n − 1. Taking into account the Pauli
principle of the electrons, for the description of a given
quantum state of the electron, we have a complete set
of quantum numbers: {S,ms, ℓ, n} (ms = ±S/2, related
to the orientations of the spin S). We have neglected
the magnetic number m of the electrons because we are
not interested here in magnetic properties. The general
idea behind our theory is to construct a physical quan-
tity which could be expressed with the help of parameters
which are related to the intrinsic spin rotation about the
general quantization axis z and the rotational momentum
of the electron itself. Such a parameter is the product
of the surface tension ∆ǫ (in the usual terminology, this
3would be the graphene’s band energy per unit area of the
two-dimensional (2D) reciprocal space) by the interval of
time ∆t during which the created surface tension exci-
tation appear. The surface tension ∆ǫ is nothing than
the energy corresponding to the unit surface area and
created by the rotation of the mechanical moment of the
spin S. The word “tension” here is used in the assump-
tion that qel/mel ≡ 1, where qel = 4.8 × 10−10 CGSEq
is the charge of the electron. Indeed, the mass-vortex
around the electron is generally charged and supports a
very small but finite electric field tension, which should
be also included in the theory, but this is out of the scope
of the present treatment. In the problem, we consider
here, we suppose that the electron is neutral. From a
simple dimensional analysis, we can be easily convinced
that the product ΦE = ∆ǫ∆t could be expressed with
the help of the parameters which describe the intrinsic
properties of the electron as a neutral particle. Thus we
postulate: Postulate 1: For the surface tension excita-
tion states, during a given interval of time, we define the
following quantum-mechanical relation:
ΦE = ∆ǫ∆t = h
ΩΦ
|Γ| . (1)
Indeed the dimension in the right-hand side of this
relation is of order of [ΦE] = erg · sec/cm2, in GCSE
units. If the time interval ∆t in the left-hand side in
Eq.(1), is very small, i.e., the case of the instantaneous
excitation, the derivative of the quantity ΦE with respect
to time, gives the surface tension states related directly
to the band structure in graphene. The first physical
parameter which enters into the expression in the right-
hand side in Eq.(1) is the angular frequency of the elec-
tron’s mass-vortex rotation, which we denoted with the
help of the symbol ΩΦ. Indeed, we have he quantity
ΩΦ, which is material-specific, because it is expressed as
ΩΦ =
√
kΦ/mΦ where kΦ is called as the vortex viscos-
ity. The parameter kΦ is just the spring constant in given
material, where the vortex is placed in and, in our case,
it would be the spring constant in monolayer graphene
κG. The quantity mΦ is the mass of the electron’s mass-
vortex. We postulate also that Postulate 2: The elec-
tron mass-vortex is separated at a certain distance ∆x
from the center of mass of the electron. The mass-vortex
representation of the electron, proposed by us, is given
in Fig. 1. We will see, later on, that the value of the
quantity mΦ could be very different from the real mass
of the electron and, in general, it depends on the recip-
rocal wave vector in the two-dimensional (2D) k-space.
The physical quantity ΩΦ gives the angular frequency of
the electron mass-vortex which leads to the precession
of the intrinsic mechanical momentum of the electron S,
around the z-axis. The second parameter, entering in
Eq.(1), is the electron rotation momentum Γ, which is
the just the electron’s angular momentum L renormal-
ized to the mass of the electron me, i.e., Γ = L/2πme.
The electron mass-vortex is schematically represented in
Fig. 1 where the electron mass-vortex is given in the form
of the filled gray-circle attached to the electron. We pos-
tulate also that for each point k in the reciprocal space
the electron is localized in a domain of the real space
where the circulation of the mass-vortex happens and
this infinitesimal region belongs to a 2D space R
(2)
C in
the real Cartesian space, which is perpendicular to the
reciprocal 2D k-space R
(2)
k
. The 2D k-space is the sub-
ject of the 1D-sphere S
(1)
k
, in the reciprocal space. We
have presented in Fig. 2 the mass-vortices for the elec-
trons and holes at the non-equivalent Dirac’s points K
and -K in the unbiased monolayer graphene with zero
gap (the upper picture in Fig. 2) and in the case of the
biased monolayer graphene (the lower picture in Fig. 2).
Indeed, the electron mass-vortex is situated in the va-
lence band in graphene’s band structure, while the hole
mass-vortex is situated in the conduction band, both be-
ing equidistant from the corresponding particles. Thus
the semimetallic nature of the monolayer graphene is well
described in the mass-vortex representation, insomuch we
have postulated that the mass-vortices as the insepara-
ble counterparts of the electrons. In the upper picture,
we have presented the collapsed excitonic state in the
form of the blue balls at the Dirac points K and −K,
while in the lower picture, in Fig. 2, the excitonic cor-
relations are apparent and the excitons are presented in
the form of the lighter green clouds formed between the
conduction and valence bands of the gapped graphene.
Furthermore, in the paper, we will estimate the radius
electron’s mass-vortex circulation Rv. In the case of the
monolayer graphene, the impulsion of the electron is not
well defined at the K-point in the BZ, because the first
derivative of the energy dispersion ε(k) with respect to
the wave vector in the reciprocal space does not exists at
the Dirac’s point. Therefore, the electron, coming from
the valence band could continue traveling along one of
two branches of the conduction upper-band (the last one
is composed of two energy branches) which form the he-
lical surface appearing from the linear band structure of
the monolayer graphene. Consequently, the tangential
(or covariant) component of the velocity vector of the
electron in the band structure will be pointed along the
positive direction of the k wave vector modulus or oppo-
site to it. Hereafter, in the paper, we will call the electron
as the electron mass-vortex, vis a vis our postulates about
the mass-vortex of the electron.
The left hand side in Eq.(1) describes the decaying
surface tension states with a decay time of order of ∆t,
while the right-hand side in Eq.(1) is a function of the
internal parameters in the system, such as the Planck’s
constant h (being the spin quantization unit), modulus of
the rotation momentum vector Γ (otherwise the orbital
momentum in units of the mass of the electron), and the
electron mass-vortex angular frequency ΩΦ related to the
circulation of the mass-vortex of the electron. The same
type of relation, as in Eq.(1), could be written also for
the hole particles with the corresponding internal param-
eters associated with the holes. Just remark here that the
4directions of rotation of the spin and the circulation of
the mass-vortex of the hole are opposite to those of the
electrons. Therefore, the product ΦE is a function of the
internal parameters related to the intrinsic construction
of the electron (or hole). The time derivation of ΦE gives
just a quantity proportional to the surface tension or just
the energy per unit area. Such a derivation in time is per-
mitted only when the time-grid interval dti is very small
as compared to the time decay duration, i.e., dti << ∆t.
The physical meaning of this is that the variation of the
surface excitation state is faster than the attenuation of
the excited state.
We have written in Eq.(1) a composite analytical for-
mula, which relates the electron mass-vortex angular fre-
quency ΩΦ with the intrinsic parameters of the electron
and, consequently, we could expect to have a relation
between the real mass of the electron mass-vortex, the
velocity of the electron, the radius of the electron mass-
vortex localization and the spring constant κG of the
mass-vortex in graphene. We will generalize our results
into the cases of the bilayer graphene (BLG), and, in
general, for the case of the ζ-layer graphene.
S/2
e
Electron Mass-Vortex representation 
FIG. 1: (Color online) The schematic representation of the
electron, composed of the mass-vortex with the angular fre-
quency ΩΦ, leading to the rotational precession of the me-
chanical spin moment S around the principal quantization
axis z. The rotational momentum of the electron is Γ =
2piR× v.
.
The usual energy dispersion curves ε(k) could be re-
placed with the surface tension dispersion ǫ(k) (the vec-
tor k has two components kx and ky). Those represen-
tations are equivalent, because the surface tension states
are given by ǫ(k) = ε(k)/Sk, where Sk is the total sur-
face area in the 2D reciprocal k-space. Let’s consider an-
other representation associated with the reciprocal space
in graphene. Namely, it is often called as the mass-
representation in the group theory [19], and we suppose
a mathematical model of the dispersion curves associ-
ated with the masses of the electrons, at each point on
the linear dispersion lines. Thus, we consider the M(k)-
dispersion and we abstract the electrons as the rigid par-
ticles without the electrical charges, with the mechan-
ical spin momenta and with the given masses (the ef-
FIG. 2: (Color online) The linear dispersion bands in the
monolayer graphene without (at the top) and with (at the
bottom) the applied gate voltage. The electron and hole
mass-vortices are shown in the picture, and the collapsed ex-
citonic states are shown in the form of the blue balls at the
Dirac points in the upper picture. In the bottom picture, we
have shown the excitonic formations between the conduction
and valence bands. The positions of the mass-vortices are in
good agreement with the semimetallic nature of the mono-
layer graphene, for both unbiased and gapped cases.
.
fective masses of the electrons) moving along the upper
branches of the linear energy dispersion curves in the
monolayer graphene with a given velocity ve. It is clear
that each electron, being a classical object, obeys the
gravitation Galilean forces which accelerate the electrons
with the well known universal acceleration constant g
(with g = 980.6cm/sec2), and the gravitation forces are
acting on each of the electrons in the direction perpen-
dicular to the k-axis and perpendicular to the real 2D
plane (x, y). We suppose the existence of two 2D spaces
which are perpendicular to each other. One of them is
the reciprocal space k = (kx, ky) (which is the subject
5of the S
(1)
k
sphere) and the other one is the real Carte-
sian space r = (x, y) (forming the hypersurface in S
(1)
C ).
Those spaces are naturally perpendicular due to the con-
struction of the reciprocal space in solid state physics.
Therefore, we have in total three type of representation
of the band structure of the electrons: energy band struc-
ture ε(k)-dispersion, surface tension representation ǫ(k)
and the mass-dispersion representation M(k). In each
case, we have to deal with the 2D vectorial space k and
one scalar field: ε(k), ǫ(k) or M(k). When adding the
normal vectors nε, nǫ and nM to the scalar fields, de-
scribed above, we will get a quasi 3D or 2+1-dimensional
vector fields, for each discussed case. Hereafter, in the pa-
per, we will deal principally with the states in the surface
tension representation ǫ(k).
3. MASS-ACCELERATION TOWARD THE
DIRAC POINT
A. The nonlinear dependence of mass on the
number of electrons
In Fig. 3, we have presented the helical movement sur-
faces for the electron in the monolayer graphene at zero
fields. The 2D k-space, which forms the hypersurface on
1-sphere S(1), is shown in the expanded version, in the
BZ in graphene. The infinitesimal surface dSk is shown
in the 2D plan of the wave vector k, which gives the elec-
tron localization size in the k-space. On the same picture,
the infinitesimal surface dSℓ is shown, which defines the
size in the real space in which the electrons could be lo-
calized. From the reciprocal and real Cartesian spaces,
in which the electrons are moving simultaneously, one
could construct a direct product of those spaces. The
resulting space R(4), which is the subject of the 3-sphere,
is composed of a direct product of two orthogonal spaces
R
(2)
C (2D Cartesian space) and R
(2)
k
(2D reciprocal space):
R
(4) = R
(2)
C × R(2)k . This space indeed is the 1D hyper-
surface −0-sphere of the dimension of length in the real
Cartesian space C. Here we will calculate the band mass
at the Dirac point in the mass-dispersion approximation
of the band structure in graphene and we will show that
it is a nonlinear function of the total number of electrons
in the conduction band. As it was mentioned at the end
in the Section 2, the gravitational field acts on the elec-
trons in the conduction band. By treating the electrons
as neutral particles with the given spin, they obey the
gravitational forces which act on each of the N -electrons
(we suppose that two branches, in the linear band struc-
ture in graphene, have an equal number of electrons) in
the conduction band. We postulate here that Postu-
late 3: The electrons in graphene obey the gravitational
force as all particles in nature which possess the mass.
The electrons, as the usual classical particles, get accel-
erated under the gravitation field with the acceleration
g⊥ which is the component of the gravitational accelera-
(kx,ky)
kx (lx)
dSk (dSl)
Surface tension states
ky (ly)
dSk=dkxdky
dSl=dlxdly
dky
(dly)
dlx)
FIG. 3: (Color online) The helical surface of the electrons in
the upper band in the surface tension representation of the
electronic band structure in the single-layer graphene. The
direct product of two parallel spaces is presented in the pic-
ture.
.
|k|
M(k)
Axis of the center of massN/2 el N/2 el
F01F02
F
m*
2m*
3m
*
4m
*
(N-1)m/2*
MBand
4m
*
3m
*
2m*
m*
(N-1)m/2*
FIG. 4: (Color online) Center of mass description in the
monolayer graphene. The effective mass-dispersion represen-
tation is given in the picture and the red points represent the
neutral electrons. Each branch in the upper band in graphene
has [N/2] electronic states. The total number of electrons is
N , and it is supposed to be odd.
.
tion g directed parallel to the movement of the electrons.
The projection of each of the gravitational acceleration
vector along the dispersion branches leads to the total
band mass acceleration towards the Dirac’s symmetry
point K in the BZ, as it is presented in Fig. 4. The cen-
ter of mass for each pair of the equipotential electrons,
on different symmetry branches, in the M(k)-dispersion
6picture in Fig. 4, is centered on the line perpendicular to
the k-axis in the reciprocal space which corresponds to
the perpendicular real space axis |k|ds in the hypothet-
ical R(4)-space of dimension dim[R(4)] = cm. The space
R
(4), is the subject of 3-sphere and is composed of the di-
rect product of two orthogonal spaces R
(2)
C (2D Cartesian
space) and R
(2)
k
(2D reciprocal space): R(4) = R
(2)
C ×R(2)k .
We will start by discussing the effective mass exten-
sion of the electrons moving in the conduction band of
graphene by the simple example of two electrons. For the
clarity of our discussion we consider the electrons in one
of the upper branches of the band structure of graphene,
let’s say the left linear dispersion line, in Fig. 4, and
we suppose to have an odd number of total electrons:
N = 2k+1. In this way, we get the equal number of the
electrons N ′ = [N/2] = k (here the parenthesis [...] mean
the integer part of the number N/2) in each branch in
the upper part of the band structure. This is because
one electron is always fixed at the Dirac point K. Next,
we consider the electron localized at the Fermi surface of
graphene which is the last electron when counting from
the Dirac point and we consider also the nearest neighbor
electron with the number [N/2] − 1. For simplicity, we
attach the integer numbers to the electrons starting from
the Dirac point K, and we ascribe the number 0 to the
electron situated at the Dirac’s point. This enumeration
procedure is presented in Fig. 5 below. The sum of the
vectors g⊥ at the position of the second electron with the
number [N/2]−1, under the Fermi level, is just 2g⊥. The
total gravitational force exerting on that electron toward
the Dirac point could be written as F2 = 2m
∗g⊥ = m2g⊥
where m2 = 2m
∗. This effect of the gravitational field
leads to an equivalent assumption to have a quasiparti-
cle at the position [N/2]− 1 with twice larger mass than
the effective mass m∗ of the electron at the Fermi level.
Considering the next electron, we will have F3 = m3g⊥
where m3 = 3m
∗ and etc. Continuing this procedure for
the left branch in the band structure, up to the Dirac
point K, we will have the following sum
F01 =
(
m[N/2] +m[N/2] +m[N/2]−1 +m[N/2]
+m[N/2]−1 +m[N/2]−2 ++m[N/2] + ...
+m[N/2]−1 + ...+m1 +m
D
0
)
=
= m∗g⊥
(
1 + 2 + 3 + ...+
[
N
2
]
+ 1
)
= m∗g⊥
([
N
2
]
+ 1
) ([
N
2
]
+ 2
)
2
. (2)
As an example, if we have a number N = 9 of the conduc-
tion electrons then we get F01 = 15m
∗g⊥. Thus, we see
that the effect of the gravitational force leads to a large
mass at the Dirac pointK and it is not equal 5m∗g⊥ (as it
expected to be when simply adding the masses of the elec-
trons in the left-branch), but three times larger: 15m∗g⊥.
We see also in Eq.(2) that the total mass of the electrons
at the Dirac point coming from the left part of the lin-
ear band structure is: M ℓBand = m
∗ ([
N
2 ]+1)([
N
2 ]+2)
2 and
it is a nonlinear function of the total number of the elec-
trons in graphene N . Those effects of the growth of the
mass of the electrons due to the gravitational force, we
call as the band mass acceleration toward the Dirac point
K. It is due to the non-reversible cumulative addition of
the components of the gravitational vector-field and the
non-reversibility is related to the fact that we can not add
those vectors in the opposite direction, except the case of
the holes in the valence band in graphene. For calculat-
ing the total band mass at the Dirac point, we should
take into account the total gravitational force coming
also from the right branch in the linear band structure.
Its contribution is exactly the same as presented here,
in Eq.(2) (this is, of course, true for the non-deformed
and pure monolayer graphene, without impurity atoms).
Thus the total force acting at the K point in the BZ in
graphene is given as F =
√
F 201 + F
2
02 − 2F 201F 202 cosϑ =
MBandg⊥. We have used here the relation between the
angles ϑ = π − 2α, where α is the angle between the
mass center axis and the band energy side on the conical
surface (see in Fig. 4). Furthermore, for the total force,
we get F = 2F0| cosα| (here F0 = F01 = F02 because
of the symmetry of the energy bands in non-deformed
graphene, without the impurities). The factor | cosα|
could be expressed in terms of the physical parameters
of the system. Indeed, from the condition to have a clas-
sical particle at the Fermi level in the linear Dirac band
structure, we get cosα = m∗v2F /2~vFkF = 0.5 (see in
Fig. 4), where vF is the Fermi velocity of the electron
with the mass m∗, localized at the Fermi level with the
position number [N/2] (see the outermost position of the
electron in Fig. 5, above). Next, using the expression
of the force F0 given in Eq.(2), acting on the dispersion
curve, we have F = MBandg⊥ where MBand is the band
mass at the Dirac’s point and we have taken into account
the influence of both forces F01 and F02 which act at the
different sides of the center of mass axis. For the total
Band mass, we get
MBand =
m∗
([
N
2
]
+ 1
) ([
N
2
]
+ 2
)
2
, (3)
wherem∗i is the effective mass in the monolayer graphene
[20]. Analogically, the band mass can be associated to
any given point in the k-space. For example, in Fig. 4,
the band mass at the position of the electron with the
number
[
N
2
] − 2 (third electron from the Fermi level) is
M
[N2 ]−2
Band = 6m
∗.
Within the same methodology, we can write for the
real space coordinates (i.e., |k|ds) of the center of mass
of all electrons in the BZ the following relation [1]
RC = KdSD =
∑N
i=1M
∗
i kidsi∑N
i M
∗
i
, (4)
and here the masses M∗i depend strongly on the position
index i. Thus, in this sense, we have the violation of the
mass addition rule, widely accepted in classical physics,
7while the gravitational vector field additivity is supposed
to be fulfilled, in this case. Next, for a simple case, we
can suppose that dsi ≡ ds for all electrons in the given
upper branch of the band structure but in most general
case it is not true because with the growth of the mass
of the electrons toward Dirac point, the size of their lo-
calization on the real line kds will grow. Here, one of
the important points is the denominator in Eq.(4) which
gives the total mass of the electrons in the monolayer
graphene and we realize that it is not additive in this
case. The symmetry axis is passing through the Dirac
points K and −K (the sign − is for the negative branch
of the k-axis). Thus the total center of mass in the upper
band in the monolayer graphene is situated on the axis
|k| = K. This is well illustrated in Fig. 4, above. In fact,
the gravitation field acts in the real-space because the
movement of the electron in the k-space is accompanied
by the parallel movement on the real axis |k|ds in the
four-dimensional (4D) space R(4) with the dimension of
[cm], discussed above. The above-mentioned procedure
01 1
... ...
, ,,,,
Electron numbers
M(k) Mass-dispersion
Effective mass at the Fermi level
Dirac point
FIG. 5: (Color online) The electron enumeration in the lin-
ear mass-dispersion scenario in the monolayer graphene. The
electrons are enumerated starting from the Dirac’s point K.
The last electrons in the enumeration are the electrons exactly
on the Fermi level in the graphene. The black arrows indi-
cate the direction of the gravitational force exerting on the
electrons, and the blue arrows indicate the projection of the
gravitational force on the dispersion axis along the direction
of the movement of the electrons.
.
of the band mass calculation could be generalized into the
case of the ζ-layer graphene structure. The band mass
for the ζ-layer graphene is given as
M ζBand =
ζ∑
i=1
[N2 ]+1∑
j=1
Mij =
=
ζm∗
([
N
2
]
+ 1
) ([
N
2
]
+ 2
)
2
,
(5)
where the first index in the tensor component nota-
tion Mij describes the layer in the multilayer graphene
and the second index is the number of the electrons
in the single layer of the multilayer structure. The
all coefficients Mij form a tensor of dimension ζ ×([
N
2
]
+ 1
)
. For the example of the BLG, we have
MBLGBand = m
∗([N/2] + 1) ([N/2] + 2) due to the number
of layers ζ = 2. This surprising non-additive nature of
the band mass at the Dirac’s point has spectacular effects
on the whole physics related to the electron mass-vortex
in the ζ-layer graphene structures. The mass-acceleration
rate for the monolayer graphene relative to the additive
mass Madd is
rate∞ = lim
N→∞
MBand −MAdd
Madd
≈ lim
N→∞
(
N
2
− 1
)
= N →∞. (6)
Here, MAdd is the additive mass of the material in the
usual sense: Madd = Nm
∗. Contrary, there is a rate
coefficient of the order of 1, if we normalize the absolute
mass-rate MBand −MAdd to the band mass MBand
ratef = lim
N→∞
MBand −MAdd
MBand
≈ lim
N→∞
(
1− 2
N
)
= 1. (7)
The coefficient which gives the relation between the num-
ber of the electrons participating in the formation of the
band mass and the number of usual electrons forming the
additive mass is
ρeff =
Neff
Nel
=
([
N
2
]
+ 1
) ([
N
2
]
+ 2
)
2N
. (8)
Thus, the coefficient ρeff is the relative excess of the elec-
trons which principally lead to the formation of the band
mass at the Dirac’s point K. We see in Eq.(8) that the
coefficient ρeff is of order of the number of electrons in
the BZ in graphene: ρeff ∼ N .
B. Quasi-spiral movement of the spin: Bundles of
spin
Here we will show how the movement of the electron
in the conduction band of the monolayer graphene could
be accompanied by the spin bundle effect on the helical
surface. In Fig. 6, we show the difference between the
electron and its spin movement on the helical surface.
The electrons are moving along the left and right branch
8on the energy tension dispersion lines which form the two
opposite sides on the helical hypersurface in S(1), while
their spins are rotating along the lines on the helical sur-
face shown in the first picture a, in Fig. 6. The electrons,
as particles are shown as the small yellow balls and the
band mass formations are also shown there in the form
of the balls growing in size when approaching the Dirac
point in the BZ. At the same time when the electron is
passing from the point k into the point k − dk on the
|k|-axis, its spin is rotating on the given line on the heli-
cal surface and returns at the position of the electron at
the point k − dk acquiring the phase equal to 2π. This
rotation by an angle 2π does not changes its orientation.
At the initial state position at the point, k the spin of
the electron is oriented along the tangent of the helical
surface, thus in the 2D plane (kx, ky). The rotation of
the all spins of the electrons, starting from the point Γ
in the BZ is shown in the picture b in Fig. 6. We see that
the total spin rotational movement defines a spin tension
skyrmionic state in the BZ. The circle with the black
point at the center in the picture b shows the direction of
the energy tension axis which is perpendicular to the plan
(kx, ky). It is important to mention also that the spins
are rotating in a semi-spiral manner. This kind of semi-
spiral movement is given in the left side in the picture c in
Fig. 6. The segment in dark-red color corresponds to the
downward movement of the spin till the next spin vector
position, parallel to the initial orientation. In the same
picture, we have shown the spin vector rotation by 2π on
the helical surface and two consequent points are consid-
ered in the picture. In the right side in picture c, in Fig. 6,
we showed the anti-clockwise rotation movement of spins
of the electrons. We see that all positions of the electron
on the k-axis could be obtained from the first outermost
left electron, just by rotating its spin by an angle 2π.
It is characteristic to note here that the spin rotational
movement could be independent of the movement of the
electron itself, thus forming a bundled state, attached to
the electron. From the geometrical construction in Fig. 6,
we can write that R1 = S/(2 tanϕ1), R2 = S/(2 tanϕ2),
... RN = S/(2 tanϕN ) where R1, R2, ...R[N2 ]
are the dis-
tances between the electrons on the helical surface and
the axis of the center of mass which is perpendicular to
the kds-axis. The unchanged physical parameter is the
modulus of the spin vector |S|. Therefore, we deduce that
the value of the product of the radii Ri with the tangent
of the angle ϕi between the Ri and the spin vector S, is
constant during the whole helical movement of the spin,
i.e.,
|Ri| tanϕi = const, (9)
where the index imeans the enumeration of the electrons,
starting from the Dirac’s point (at which we attribute to
the electrons a number 0, as the reference point) till the
electrons at the Fermi level, numbered with
[
N
2
]
, where
the parenthesis [...] means the whole part of the total
number of particles N , which is supposed to be odd in
order to have an equal number of the electrons in both
branches, in the BZ. Thus i = 0, 1, 2, ..., [N/2]− 1, [N/2]
are the electron numbers. The tangent function, figuring
in Eq.(9), has the periodicity of π, therefore the simul-
taneous relation of type Ri tan (ϕi + π) = const is also
true for the electron of the given number i, which defines
the equivalent point on the opposite branch of the con-
ical surface, at which the electrons are present with the
opposite direction of spin. The product Ri tanϕi could
be regarded as the spin tension vector-field of the elec-
tron. The term vector is coming from the fact that the
parameter Rn is at origin a vector-quantity Rn and has
the direction of that of the unit vector perpendicular to
the axis at the Dirac’s point. It is directed along the
electron localization position, thus being parallel to the
real axis |k|ds. Indeed, we have ϕi + 2π = ϕ′i−1 because
the angle ϕi is changing when the electron passes to the
neighbour point k = i − 1 on the wave vector axis, i.e.,
tan
(
ϕ′i−1
) 6= tan(ϕi). This is well illustrated in the pic-
tures c and d, in Fig. 6, where the anticlockwise rotation
of the electron spin momentum is shown with the varia-
tion of the angle ϕi. Therefore, the usual movement of
the electron on the band energy branches is accompanied
by the simultaneous bundle movement of the spin of the
electron on the helical surface. The rotation by π, of a
single spin, leads to the topologically equivalent point sit-
uated on the right side branch of the band dispersion and
does not describe the real movement of the electron in the
BZ. The topologically equivalent point could lead to the
inversion of the spin state if this state is not permitted
due to the Pauli principle. In this case, the periodicity
of the spin-bundle state will be equal to 4π. When the
topological equivalent state is accessible according to the
Pauli principle, the spin-bundle state does not change
its direction when rotating around the symmetry axis
and the periodicity of the spin-bundle state becomes 2π.
Thus the rotations by 2π and 4π describe well the same
electron at a different state k, nearest neighbor and next
nearest neighbors to the previous one and they repre-
sent the correct periodicities of the spin-bundle states
depending on the spin states at the topologically equiv-
alent point on the helical surface in the BZ. Such a peri-
odicity of the valley pseudospin equal to 4π is observed
recently in Ref.3 when it has been shown that the pseu-
dospin splitting from the valley-orbit coupling becomes
spectrally resolvable in the Monolayer group-VIB transi-
tion metal dichalcogenides (TMDC).
4. THE NEWTON’S LAW IN GRAPHENE
Next, we have to find the optimal radius Rv of the
electron mass-vortex. To this end, we will abstract
for a moment from the usual ε(k)-dispersion curves to
the mass-dispersion one M(k), by introducing a Aus-
geklu¨gelt M(k)-dispersion relation. The physical sense
of it is well-known, for the electron moving in graphene,
one introduces the effective mass of the electron m∗. For
the monolayer graphene it is very small in comparison
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FIG. 6: (Color online) (a) Spiral-pattern of the electron move-
ment on the helical surface. (b)-(d) The spin-rotation (in the
surface tension representation) on the helical surface in the
case when the topologically equivalent point has the oppo-
site spin orientation. The formed spin-skyrmionic type state
is given in the picture. (e) Single spin-bundle state on the
helical surface.
.
with the mass of the free electron, and therefore, the
movement of the electrons in monolayer graphene has
the quasi-relativistic nature. In the case of the bilayer
graphene the electron acquires a finite and measurable
effective mass, due to the complicated parabolic 4-band
structure of the bilayer graphene, and the electron dress-
ing is less stronger in that case. The effective radius of
the electron mass-vortex will give an appropriate idea
about the localization volume of the electron around the
Dirac point in the BZ (and in general at any point in
the k-space), i.e., a localization space, where the spin-
precession is not zero. To this end, we will consider an-
other probe-electron at the pointK0, infinitesimally close
to the given electron at the Dirac point, and separated
from it at the distance |K−K0|ds. The reflection of the
point K0 with respect to the mass symmetry axis M(k)
gives the similar point on the second branch of the lin-
ear dispersion, which is a topologically equivalent point.
Let’s remark here that the quantity ds is the infinitesi-
mal surface in the Cartesian space R
(2)
C with ds = dlxdly
around the given point K0 = {K0X ,K0Y }. In fact, as
we will see later on, the surface ds is different at each
point Ki of the reciprocal space but we suppose that the
point K0 is very close to the Dirac point, thus we have
the same infinitesimal surface ds for the points K and
K0. The Cartesian space R
(2)
C is the space orthogonal to
the reciprocal space R
(2)
k
and their direct product gives a
4D manifold R(4) = R
(2)
C × R(2)k which forms a hypersur-
face in S(3). Thus we deal with the direct product of two
spaces, one is the reciprocal k-space R
(2)
k
and the other
one is the Cartesian-space R
(2)
C . Those spaces are for-
mally given in Fig. 3 where the helical surface (following
from the linear band-structure in graphene) of the elec-
tron spin rotation is presented. These spaces, introduced
above, are indeed geometrically perpendicular each other
due to the original construction of the 2D reciprocal lat-
tice space in monolayer graphene: each of the reciprocal
translation vectors Gi (with i = 1, 2) is perpendicular to
the corresponding translation vector in the real space Ri
(with i = 1, 2), and the real space basis in the honeycomb
lattice of graphene is composed of two translation vectors
a1 = a(3/2,
√
3/2) and a2 = a(3/2,−
√
3/2). The recip-
rocal lattice vectors, which form the reference, are given
by the following relationsG1 = 2π(n× a1)/|a1×a2| and
G2 = 2π(a2 × n)/|a1 × a2|. The product × in those re-
lations means the vector product of two vectors G1 and
G2. It is clear that G1 ⊥ a1 and G2 ⊥ a2, as it has been
discussed previously.
Furthermore, we write Newton’s law for the masses of
those mentioned electrons at the points K and K0 in the
BZ. It follows that
FN = G
m∗(K0)MBand(K)
|K−K0|2ds2 , (10)
where G is the Newton gravitation constant in the Dirac
band G ≈ 6.674·10−8cm3g−1sec−2. Next, m∗ is the mass
of the electron at the point K0 (this is exactly the effec-
tive electron mass in graphene) and MBand is the band
mass, the physical meaning of which will be clear here-
after. Here, we would like to calculate explicitly the elec-
tron mass-vortex localization volume around the Dirac’s
symmetry point K in graphene. We continue to use,
here, the M(k) dispersion picture. For this, we use just
the condition two find two electrons, one at the point K0
and the other one at the Dirac’s point K (with the corre-
sponding band mass, given in the Section 3B) and sepa-
rated from each other with a distance R = |K −K0|ds,
in the 4D space R(4) = R
(2)
C × R(2)k . This condition is
the subject of Newton’s third law in the 4D space R(4),
between the Newton force FN and the spring force FκG
in monolayer graphene, i.e., we have
FκG = FN ,
κG|K−K0|ds = Gm
∗(K0)MBand(K)
|K−K0|2ds2 , (11)
where κG is the effective spring constant in the mono-
layer graphene. For the electron localization radius we
get the following expression R3s = |K − K0|3ds3 =
10
Gm∗(K0)MBand(K)/κG. As it could be expected, the
mass-vortex localization around the Dirac’s point de-
pends strongly on the spring constant κG of the graphene
material, and of course, on the band mass MBand which
is a nonlinear function of the number of the electrons
in the conduction band. For the bilayer graphene, the
spring constant is slightly lower, thus the mass-vortex
localization volume will be smaller. Let’s suppose the
simplest case when the electron with its mechanical mo-
mentum S and mass-vortex is localized in the spherical
volume of radii Rs. Then, we can estimate the electron
localization radius Rs in the M(k) dispersion picture as
Rs =
(
G
m∗(K0)MBand(K)
κG
)1/3
. (12)
The expression in Eq.(12) gives the localization radius
of the spin-precession of the individual electron which
interact via the Newton mass gravitation law with the
band mass at the point K in the BZ. We can estimate its
radius numerically by putting the values of the physical
constants entering in the expression of Rs. The effective
mass of the electron is of order of m∗ = 0.1× 10−28 g in
monolayer graphene [20], the spring constant in mono-
layer graphene varies in the interval κG ∈ (1, 5) N/m
(it is shown in Ref.[21]), and we choose here κG = 0.02
N/cm. The value of the band mass at the Dirac’s
point could be calculated using the expression in Eq.(3),
in the Section 3A and we have MBand = 5 × 10−12
g. We get for the localization radius of the electron
Rs = 5.5 × 10−16 cm, which is much smaller than the
electron radius rel = e
2/mec
2 = 2.81 × 10−13 cm. It
is worth to mention that we have considered here the
three-dimensional (3D) volume of the electron localiza-
tion, because the precession of the spin of the electron is
in 3D. This is consistent with the formal five-dimensional
(5D) space (k,ds,M(k)) (the quantity, which describes
the 5-th dimension is a scalar, and for this reason we
have a formal 4 + 1-dimensional space). In the language
of the surface tension dispersion ǫk, we have a formal 5D
space (k,ds, ǫ(k)), where the 5-th dimension is given by
the surface tension excitation states ǫ(k). The introduc-
tion of the M(k)-dispersion would be very purposeful
in the context of the Bose-superfluidity in the Bose or
Fermi condensate systems, while the consideration of the
space (k,ds, ε(k)) is important to obtain the dispersion
in graphene with a great precision with respect to the
wave vectors in the vicinity of the K-point (the correc-
tion to the low-energy linear Dirac relation). For exam-
ple, when considering the formal-5D space (k,ds,M(k))
one has automatically the possibility to deal with the 3D
scalar-surface of dimension of mass, for the superfluid
vortex [5]. In our case, it would be the 3D scalar-mass of
the excitonic vortex-antivortex structure. The same dis-
cussion is valid also for the case of the bilayer graphene.
FIG. 7: (Color online) The electron mass-vortex at the Dirac
point. The enhancement of the band mass at the point K is
presented and the localization volume corresponding to the
Dirac point is shown in the form of the marine ball the radius
of which is the radius of the electron’s band mass-vortex Rv
at the Dirac point. The probe-electron is shown at the point
K0, in the form of the small black ball of mass m
∗.
.
A. Dirac’s dispersion law in graphene
In this section, we will obtain the graphene dispersion
law by considering the electrons in the first BZ in the
conduction band. The similar discussion is valid also for
the holes in the valence band. We start our calculation
with the accelerated band dispersion picture, discussed
in the Section 3A, above. Here, we treat the individ-
ual electrons as the semiclassical particles with mass m∗
with the kinetic energies ε(k) = m∗v2/2, where m∗ is the
effective mass of the probe-electron. Next we consider
the 4+1 dimensional space (ps,R
(2)
C , ǫ(p)) (here ǫ(p) are
the surface tension states, corresponding to given excited
states with momentum ps, which is the impulsion of the
particle per unit surface area dS (remember that dS is
defined in the real Cartesian space R
(2)
C ), i.e., ps = p/dS.
Then we can write
tanϕ =
ǫ(P0)− ǫ(P)
|Ps −Ps0|vt , (13)
where ϕ is the angle between the p-axis and the surface
tension excitation states ǫ(k), the impulsion Ps corre-
sponds to the impulsion of the electron at the Dirac point
P = ~K normalized to the surface area dS of the band
mass-vortex at the Dirac’s point K. The velocity vt is
the covariant component of the electron velocity along
the impulsion |p|-axis. The relation in Eq.(13) could be
easily rewritten in the form tanϕ = ε(P0)−ε(P)|P−P0|vt because
of the relation ǫ(p) = ε(p)/dS between surface tension
states ǫ(p) and the energy dispersion ε(p). On the other
hand, we can write an expression which relates the angle
ϕ with the distance R in the space R(4): R ⊂ R(4):
|P−P0|dS = R cosϕ. (14)
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Next, we use the trigonometric transformation formula
tan2 ϕ + 1 = 1/ cos2 ϕ and combine the relations in
Eqs.(13) and (14) to eliminate the angle ϕ. We obtain
R =
dS
2~vt
√
(m∗ −MBand)2v4t + 4~2vt2|K−K0|2. (15)
It is easy to verify that dimR = [cm]. The velocity vt,
in Eq.(??), is of the order of the Fermi velocity vF in
graphene because the probe-electron is supposed to be in
the close area of the Dirac point.
When projecting the 3-sphere S(3) (S(3) ⊂ R(4)) on
the 2D plane (M(k), |k|), we get the circle S(1) ⊂ R(2)
and we denote the outermost border of it as the bundled
line L(S(1)). Inside the circle S(1), and at the vicinity
of the Dirac’s point, the effective normalized mass of the
electronm∗κ tends to the band massMBand, which is non-
linear in N : m∗κ →MBand and the wave vector K0 tends
toK, linearly in N . Inside the circle of the radius Rs, the
electron behaves like the band mass electron at the Dirac
point and therefore it is the same with the band mass in
the space R(4). Thus, at the vicinity of the Dirac’s point
and inside the unit circle S(1), we can always write
R1 ≈ |K−K0|dS
(
1 +
(m∗ −MBand)2 v2t
8|K−K0|2~2
)∣∣∣
K0dS⊂S1
.
≈ |K−K0|dS (16)
Therefore, for the spring force, acting on the dispersion
branches of graphene, and related to the mass-vortex en-
hancement at the Dirac’s point, we have Fκ = κGR1.
Moreover, when considering the free electron just in-
finitesimally outside of the circle line L(S(1)) then we
have the relation m∗ << MBand and we get the second
expansion for R
R2 ≈ dS
2~
|m∗ −MBand|vt ×
×
(
1 +
2|K−K0|2~2
(m∗ −MBand)2v2t
) ∣∣∣
K0dS*S1
≈ dS |MBand|vt
2~
+ dS
~
|MBand|vt |K−K0|
2 (17)
Then, it is possible to show that the normalized energy,
corresponding to the spring force acting on the unit area
of the surface of the mass-vortex at the Dirac’s point,
could be given as
ǫ(K) = κGR1R2 ≈ κG(dS)2 |MBand|vt
2~
|K−K0|
+κG(dS)
2 ~
|MBand|vt |K−K0|
3. (18)
We can estimate the quantity ~/MBandvt, appearing in
Eqs.(17) and (18). Indeed, ~/MBandvt ≈ 8.4× 10−25 cm.
Thus, we have obtained in Eq.(18), the linear Dirac’s
dispersion relation, with the correction of order of O(K−
K0)
3, in wave vector in the reciprocal space. The second
term in Eq.(18) could be neglected in comparison with
the first linear term.
B. Excitonic binding in the mass-vortex
representation
Here, we will show how the excitonic binding energy
could be calculated in the mass-vortex representation
of the electron, given above. Indeed, the expression in
Eq.(18) gives the possibility to estimate the radius of the
mass-vortexRv at the Dirac pointK. For this, we equate
the coefficient near |K−K0| with the coefficient ~vF ob-
tained from the low energy expansion around Dirac point
[22] and we obtain for the surface area of the mass-vortex
at the Dirac point
dS =
~
√
2√
MBandκG
= 0.47× 10−20cm2. (19)
Then, the corresponding radius of the mass-vortex is
Rv = 3.86× 10−11 cm. The ratio of the mass-vortex ra-
dius Rv and the electron mass-vortex localization radius
Rs is of the order ofRv/Rs = 7×104 and this is due to the
large band mass, formed at the Dirac’s point. Recently,
it has been shown the existence of tightly bound exci-
tons in the monolayer transition metal dichalcogenides
[5] in which the electron-hole Coulomb exchange results
in exciton and a strong valley-orbital coupling enhances
that can be orders of magnitude larger than the radiative
recombination and momentum scattering rates. Suppos-
ing the existence of the hole mass-vortex at the Dirac’s
point, we can calculate the excitonic binding energy at
the Dirac’s point. For this, we refer us to the quantity de-
fined in Eq.(1), in the Section 2, and presented in Fig. 1.
The rotation momentum Γ, in the denominator in Eq.(1),
is defined as Γ = 2πRv × v. At the Dirac point, we can
write Rv = KdS, where dS is the surface area covered
by the rotation of the band mass-vortex at the point K
and given in Eq.(19). Thus we can write for the surface
tension ∆ǫ the following expression
∆ǫ =
ΩΦ√
2|K|vt∆τq
√
MBandκG. (20)
The quantity, obtained in Eq.(20) defines the surface ten-
sion states corresponding to the formation of the electron
type mass-vortex at the point K. Indeed, ∆τq is the
subject of the 2D single-particle quantum lifetime corre-
sponding to the given surface tension excitation state,
and it is of the order of ∆τq ∼ 23 fs for the mono-
layer graphene (obtained from the slope of the Dingle
plots [23]). Furthermore, we obtain ∆ǫ = 2.2 × 10−13
erg/cm2. The hole mass-vortex at the Dirac’s point is
situated in the conduction band and the electron mass-
vortex in the valence band, which is well corresponding
to the semimetallic nature of the monolayer graphene.
The surface tension corresponding to the excitonic mass-
vortex is then ǫexc = 2∆ǫ = 4.4 × 10−13 erg/cm2. Tak-
ing into account that 1erg = 6.24 × 1011 eV we have
ǫexc = 2740 eV/m
2. For a typical graphene samples of
surface of order of 1cm2, we get for the excitonic binding
energy εexc = ǫexcSgraphene = 0.274 eV. This is well con-
sistent with the recent first principle calculation results,
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given in Ref.[24], where, including the many-body effects,
the authors revealed strong excitonic effects in the high-
energy photon regime E ∈ (10 − 20) eV, in the optical
spectra in the monolayer graphene. Particularly, an ex-
tremely weak resonant excitonic peak has been found in
the absorption spectrum of graphene and the excitonic
binding energy is found to be 270 meV in the monolayer
graphene. These calculations show that the mass-vortex
representation of the electron gives the reasonable results
for the excitonic binding energy in graphene. Here we
would like to emphasize some principal aspects of the
presented here theory. First of all, let’s remark that the
surface tension states, given in Eq.(20) depend strongly
on the radius of the mass-vortex, formed along the mass
dispersion line. This nonexplicit dependence is contained
in the physical quantity MBand which we called the band
mass at the Dirac’s point. The radius of the electron
mass-vortex depends on the band mass MBand via the
relation given in Eq.(19). Thus we can conclude that at
different points k in the BZ the radius Rv is different. For
example, at the Fermi level, the radius Rv becomes equal
to the radius of the localization of the electron Rs. The
schematic illustration of the mass-vortex radius depen-
dence on the position of the k points, in the BZ, is given
in Fig. 8. On the same figure, we show also the excitonic
mass-vortex formation from the individual mass-vortices
corresponding to the electron and hole particles.
Another physical observation concerns the construc-
tion of the electron mass-vortex, given in Figs. 1 and 7
above. Indeed, the ratio between the distance of the of
the electron and hole mass-vortices from the particles it-
self and the radii of the mass-vortices, i.e., ∆x/Rv could
define the type of the polarizability in the system. De-
pending on the geometrical structure of the electron’s
representations above, we can obtain two different polar-
ization states in the electron and hole mass-vortex rep-
resentations. One is related to the case when ∆x > Rv
or the opposite case ∆x < Rv, which we call the elliptic
polarizations of the mass-vortex. The other one is the
case when ∆x ∼ Rv which we call the spherical polar-
ization of the mass vortices. Those polarization states
could be detected with the help of the Bloch sphere ro-
tation under the external magnetic field at which the
dark excitonic states change their spin polarization and
which makes the enhancement of the optical generation
of excitonic valley polarization and macroscopic phase
coherence leading to the excitonic condensate states in
monolayer graphene. In this type of measurements, the
enhancement of the excitonic states at the Dirac’s point
could be a direct consequence of the polarized electron
and hole mass-vortices. The influence of the polarizabil-
ity of the electron and hole mass-vortices on the forma-
tion of the excitonic mass-vortices at the Dirac’s point is
the subject that will be considered furthermore, and it is
out of the scope of the present paper.
FIG. 8: (Color online) The electron mass-vortex formation at
the Dirac point. The circles in light-red show the consequent
formation of the electron mass-vortex along the high symme-
try directions in the BZ in monolayer graphene. In the inset,
we have shown the formation of the excitonic mass-vortex,
composed of the electron and hole type mass-vortices with
the opposite circulation directions.
.
C. The irreducibility of the spin-group
The dependence of Rv on the |k| wave vector position
has the fundamental consequences here, one of which is
about the complex nature of the integrable quasi-complex
manifolds, known as the Fro¨licher-Nijenhuis theorem, in
the spin-group theory. In our quantum mechanical de-
scription of the electron, we use the R
(2)
C × R(2)k direct
product giving the rise of the generalized group with
the manifold of cylinder in the 3-sphere, which is irre-
ducible at the Dirac’s point. Such a calibration of the
electron, as a complex isomorphic spin group and as
the subgroup of the group of Lies, conserves the princi-
pal isomorphic properties, related to the spinorial group,
i.e., Spin(4)R ≃ SU(2) × SU(2). The addition of the
scalar-tensor 2-sphere field composed of tension-tensor
and the mass-tensor (both acting as the scalar fields),
we will have the enhancement of the quasi-isomorphisms
Spin(5)R ≃ Sp(4). In our electron representation, we
add also a rotating vectorial field of one-dimension as a
direct product with our space R(4), forming a 5-sphere.
The rotating vectorial field is related to the electron’s
mass-vortex rotation around the preferred quantization
axis, in the spin-group. Furthermore, this leads to the
isomorphism of the type Spin(6)R ≃ SU(4), which is
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again not a reducible and not integrable group of the
group of Lies. The spinorial group Spin(6)R is quasi-
complex and not reducible, in our example, at the K-
point. This is because of the enlargement of the electron
mass-vortex radius Rv at the Dirac’s point at which an
irreducible manifold of two crossing infinite cylinders is
formed in the 4D space R(4). This manifold is formed
on the S(3) hypersurface after the rotations by π in the
Cartesian and reciprocal spaces respectively, i.e., S(3) =
Rπ
(
R
(2)
C ; (0, R0y)
)
× Rπ
(
R
(2)
k
; (0,K0x)
)
. It is worth to
mention here that such rotations Rπ around given axis
in the 2D spaces R
(2)
C and R
(2)
k
lead to the formation
of the crossing perpendicular cylinders in these spaces.
We have, therefore, Rπ
(
R
(2)
C ; (0, R0y)
)
= S
(1)
C × IRy
and Rπ
(
R
(2)
k
; (0,K0x)
)
= S
(1)
k
× IKx , where IRy and
IKx are the closed unit intervals in the corresponding
spaces. Such a procedure of construction of the cylin-
drical manifolds is well described in Ref.25, where the
cylindrical group is discussed in the context of the mass-
less particles. The irreducibility of the spinorial group
Spin(6)R at the Dirac’s point spreads new insights on
the question of the integrability of the 6-sphere S(6)-
manifold (the manifold is not integrable in our case).
Thus the 6D generalization is not direct, because of the
presence of the scalar-rotational R(S
(2)
m,ε) hypersurface.
In total, the electron represents itself an irreducible sub-
group of the linear group of Lies, i.e., SLel ∈ GL(R),
and SLel = S
(2)
R × S(2)k × R(S(2)m,ε) = Spin(6)R, which
is an irreducible subgroup of the structure S(6) (this is
an example, why the manifold on S(6) is not integrable,
a long-standing problem in mathematics). Another im-
portant observation is related to the statement of the
Fro¨licher-Nijenhuis [19, 26, 27] about the complex na-
ture of the integrable quasi-complex manifolds. As our
results show, the complete 6D manifold, we got, is not
integrable and, therefore, is quasi-complex. The general
mechanism of it is related to the non-vanishing tensor of
rotation R(S
(2)
m,ε), describing the rotation of the electron’s
mass-vortex around the quantization axis.
5. CONCLUDING REMARKS
In the present paper, we give a new theoretical ap-
proach based on the electron and hole mass-vortex rep-
resentations. We have considered the band mass forma-
tion at the Dirac’s point in graphene and we have shown
that the electron (hole) band mass at the Dirac’s point
is a nonlinear function of the number of particles in the
given band (the valence or conduction bands, depending
on the type of the particles, we consider). We have ob-
tained that the electron band mass at the Dirac’s point is
of the order of MBand ∼ 5× 10−12 g, which is extraordi-
narily higher than the usual effective mass of the electron
in graphene m∗ ∼ 0.012mel. The formation of the band
mass is attributed to the additive nature of the gravita-
tion field vector g in the mass-dispersion representation
(k,M(k)) in graphene. We have considered the surface
tension excitation states in the monolayer graphene and
we have calculated the surface tension of the electron
(hole) band mass-vortex at the Dirac’s point K. Fur-
thermore, we considered the excitonic mass-vortex at the
Dirac point and we calculated its surface tension values.
The results are in good agreement with the ab-initio cal-
culations of the excitonic binding energy in monolayer
graphene. We have considered the electron mass-vortex
representation and we have derived the relativistic Dirac
dispersion law of the electrons in the monolayer graphene.
For this, we considered the monolayer graphene as the
elastic medium, with the given spring constant, and we
analyzed the problem classically. We have derived the
Dirac’s energy spectrum in monolayer graphene by con-
sidering the classical Newton’s laws, for the single probe
electron, placed at a certain distance from the electron
band mass at the Dirac point, in the reciprocal space. In
addition to the usual linear term in the dispersion law, we
get also at small correction of third order in the wave vec-
tor in the reciprocal space. However, we have shown that
this term is negligibly small, as compared with the linear
term. Furthermore, in analogy with the usual linear en-
ergy dispersion in graphene, obtained in the tight-binding
approach, we obtained the radius of the electron band
mass-vortex at the Dirac’s point and we have shown that
it is much larger than the radius of the single-electron
mass-vortex at the Fermi level in graphene. Among the
interesting intersection of classical physics with the quan-
tum mechanical description, the theory developed here
gives the answers to some conceptual questions in the
modern solid state physics, topology and spin group the-
ory. Moreover, we have demonstrated that the excitonic
states in monolayer graphene are formed principally in
the narrow area of the Dirac point in the reciprocal space.
Meanwhile, we have demonstrated the existence of a new
topological phase related to the spin-bundle rotational
movement of the spin of the electrons, on the helical sur-
face in the reciprocal space. We have shown the presence
of the surface spin tension vectorial field which, possibly,
closely relates the surface tension excitation states with
the spin tension states on the helical surface. It has been
shown here that the topological phase ∆ϕ = π for the
spin-bundle states is protected by the Pauli principle at
the position of the topologically equivalent point on the
helical surface. The periodicity of the spin-bundle state
is found to be either 2π or 4π, depending on the orienta-
tion of the spin in the topologically equivalent position.
Meanwhile, the periodicity 4π agrees well with the pe-
riodicity of the valley pseudospin, recently discovered in
the monolayer transition metal dichalcogenides [5] being
the ideal materials for the studies of the Dirac physics in
the solid state.
The other fundamental results of the presented theo-
retical treatment of monolayer graphene are related to
the mathematical aspects of the theory. Particularly,
there was an unresolved problem in the spin-group the-
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ory concerning the formations of the manifolds on S(6)
which was suggested as not integrable. Here, we have
shown that the electron represents itself an irreducible
subgroup of the linear group of Lies, which follows from
the irreducibility of the spinorial group Spin(6)R at the
Dirac’s point. In the present paper, we have shown that
this is a direct consequence of the band mass-vortex for-
mation at the Dirac point. Moreover, we have shown
that the spinorial group Spin(6)R is quasi-complex and
not reducible, in our example, at the K-point. This is
because of the enlargement of the electron mass-vortex
radius at the Dirac’s point at which an irreducible mani-
fold of two crossing infinite cylinders is formed, in the 4D
space R(4). Presented here theory, is unique in the sense
that it shows directly the common points of the classical
Newtonian physics and quantum physics, in the example
of the monolayer graphene.
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